Department of Physics, Princeton University

Graduate Preliminary Examination
| Part 1

~ Thursday, January 8, 2015
9:00 am - 12:00 noon

Answer TWO out of the THREE questions in Section A (Mechanics) and TWO out of the
THREE questions in Section B (Electricity and Magnetism).

Work each problem in a separate examination booklet. Be sure to label each booklet with
your name, the section name, and the problem number.
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Section A. Mechanics

1. (Precession due the Sun’s oblateness) In addition to the celebrated relativistic effect,
the précession of the perihelion of Mercury can be affected by the deviation in the
Sun’s mass distribution from spherical symmetry, caused by Sun’s rotation around its
axis. The distortion creates a small correction to the gravitational potentlal which
along the plane perpendicular to the axis of rotation is:

mMQG

Taﬂ.

SV(r) = —x

where (7 is the gravitational constant, M and m are the masses of the Sun and Mercury
respectlvely, A is a small (dlmensmnffu?}) parameter, and the powerisn > 1. ™

f] . rminctrs,

(a) Calculate the orbital angular velocity, weg, for an orbit which i 13 close to circular,
at radius r, and lies within the plane perpendicular to the axis.

(b) Write down the effective potential for r radial motion and calculate the frequency
of small L oscillations.about-its Amlmmumww?ﬁﬂs&, m terms r and the variables defined 7
above:

(c) From (a) and (b) find the approximate rate of precession of the perthelion (the
point of closest approach) for a slightly elhptlcal orbit with an average radius r.

e g st sy

(d) Dependmg on the sign of A the precession may be in the same direction as the
orbital angular velocity, or opposite to it. Which is it for /\ > O‘?

(e) What is the value of n and the sign of A for the correction due to the Sun’s mass
quadrupole m moment, if that is caused by oblateness (the sun’s polar axis being
shorfer than its equa,torlal diameter)?

n=3
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2. A thin hoop of mass m and radius R is suspended from its rim (point A) and is free
to rotate around point ‘A in the plm the hoop. A small bead of equal mass m can
slide without fl"lCthH on the hoop.
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3. A uniform cylinder of mass m and radius b rolls off a fixed cylindrical surface of radius
R under the influence of gravity. The axes of both cylinders are horizontal. The rolling
cylinder starts from the top of the fixed cylinder with a negligibly small velocity.

(a) If we assume the cylinder rolls without slipping, find the angle 8 from the vertical
when it looses contact With the Bxed cylnder.

(b) In practice for a finite value of y the cylinder will start to slip before it looses
contact. Find the angle when it starts to slip for = 1.
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Section B. Electricity and Magnetism

1. A small ere loop of radius a lles in the zy-plane, centered on the origin. A magnetic
moment T =71 & travels up along the z axis with constant speed v. It passes through
‘the center of the wire loop at ¢t = 0. S

e e e

(a) Compute the emf £(t) around the loop.
Hint: the integral is easier if you evaluate the fluz through a section.of a spherical
surface centered on the magnet and bounded by the wire laap rather thcm through
the planar area bounded by the loop.

(b) If the loop has resistance I, find the Joule heat P(¢) Assume the loop is fixed in

en e e oo

position.

(c) Now consider the case where a uniform linear charge density A is glued to a non-
cog@gt‘ig@__(wsame orientation and radius as above), and the loop is allowed
to spin. What is the position of m at the time the loop attains its largest angular
momentum, Li..,? What is the value of Lp,.? Assume the dipole began its
constant-velocity motion at ¢ = —oo, and that the loop was at rest then.

©2015 Department of Physics, Princeton University, Princeton, NJ 08544, USA
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- 2. A Fresnel rhomb is an optical device used to convert linearly polarized ligh‘ﬁ into circu-

1arlymght. As shown in Fig. 2, light hits the surface of the rthomb at normal

_incidence, it then undergoes two total internal reflections inside the rhomb, and then
leaves the rhomb again normally. '

Figure 2: Fresnel rhomb.

of 45° between the component of the light-wave that is parallel and the component
that is perpendicular to the plane of incidence (the plane of the page in Fig. 2), and so
after two internal reflections a lightwave that was originally linearly polarized at 45°

" with respect to the plane of incidence becomes circularly polarized.
. . __“‘_’_,.-_H__A_-——‘,__,_/‘\

The total internal reflections are such that each reflection generates a phase difference

(a) For asingle internal reflection, find the phase shift that the reflected wave acquires
relative to the incident wave assuming the electromagnetic wave is polarized in
the plane of incidence. -

[Hint: Letr be the ratio between the complex amplitude of the reflecied wave and that of
the incident wave. At total internal reflection, one has [r| = 1, sor = €' for some ¢.]

(b) Calculate the phase shift that the reflected wave acquires relative to the incident
" wave when the electromagnetic wave is polarized perpendicular to the plane of
incidence.

(¢) If each of the two total internal reflections in a Fresnel rhomb occurs at an angle
of incidence of §; = 53.3°, calculate the index of refraction n of the Fresnel rhomb
relative to that of the surrounding medium. :

[You might find useful the following trig. identity:  tan(a £ 8) = fanafteng g

T l1FtancotanpB ’

©2015 Department of Physics, Princeton University, Princeton, NJ 08544, USA



Graduate Preliminary Examination, Thursday, January 8, 2015 - Part I 7

3. This problem explores some elements of a mass spectrometer. Parts (a) and (b) may
‘be answered independently and treated non-relativistically.

(a) An ion of charge +¢ and mass m is accelerated through a potential V, as shown
in Fig. 3(A). Tt enters a region between two very long (in the direction perpen-
dicular to the page) cylindrical electrodes of radius ¢ and b respectively. Find the
potentials WSuch that the ion moves in a circle of radius r,.

A
z

B
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Figure 3: (A) Electrostatic filter. , (B) Penning trap.

(b) A Penning trap is used in Fourier-transform mass spectrometry. At the simplest.
level, the Penning trap consists of a uniform magnetic field B,z and a quadrupole
electric field. Let us assume that the electric field is generated by two positive
charges +Q > 0 located at -a2 and a uniformly charged ring of radius ¢ and
charge —2(Q) centered around the origin in the zy-plane, as shown in Fig. 3(B).
This setup is rotationally symmetric around the z-axis.

i." Cloge to the origin, the electric field takes the form

E = k2% + krf \
where 7 = 1/x? + 3%, Determine k, and k,.

While the general motion of an ion of mass m and charge ¢ > 0 in the Penning
trap is quite complicated, here we investigate only two particular cases:

ii. Find the frequency w, of small oscillations around the origin in the case where
the ion moves only along the z-axis. -

iii. Assume the ion moves uniformly along a circle of radius R < a in the plane at
z = 0. What is the angular frequency for this motion? Interpret the answer-
in the limit of large B. S
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Graduate Preliminary Examination
Part 11

Friday, May 11, 2015
9:00 am - 12:00 noon

Answer TWO out of the THREE questions in Section A {Quantum Mechanics) and TWO
out of the THREE questions in Section B {Thermodynamics and Statistical Mechanics).

Work each problem in'a separate booklet. Be sure to label each booklet with your name,
the section narme, and the problem number. Calculators are not permitted.
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Section A. Quantum Mechanics

1. Consider a toy model of the Helium atom where the Coulombic interaction potential
is replaced with a Hooke’s law potential. If the nucleus of the atom is located at 7 = 0
and the electrons of mass m have position vectors 7 and 7, the inféraction potential

s 1 A |

V(Fl,?jz) == amwz (7:? -+ 'Fg) — —mw2 (?_:1 — 7:%)2 .

This model is exactly solvable. Assume A > 0.

(a) What constraint maust be imposed on A for the system to be well-behaved? [Hint:
It may be useful to consider the center of mass and relative position vectors of the
two electrons i = (rl +7)/2 and T= 71 — 7 J

(b) What are the energy levels of this system when A = 1/27

(c) Taking into account the spin of the electrons, what are the degeneracies of the
lowest four energy levels when A'=1/27

(d) Suppose the Helium atom is initially in the third e exmted state. It then undergoes
a decay_through an electric dipole transition t““a*i*awe*r—energy state. What are
the possible energles of the emltted photon?

©2015 Department of Physics,‘ Princeton University, Princeton, NJ 08544, USA
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2. A hydrogen atom located at ¥ = 0 is initially in the 2s state when an ion of charge
Q passes by It. Assume the ion moves with constant velocity U = vy on a straight
line whose closest approach to the hydrogen atom is b = b2, with b%;g& where ag
is the Bohr radius. While the ion passes by, the eledfron in the atom experiences a
time-dependent potential '

T Qe

= s A

We are interested in calculating the transition proba%o one of the 2p states. In
this problem, you may assume that the 2s and Zp states are degenerate.

(a) Find an expan; Mt} that is valid at all times and that is appropriate for
calculating the transSitios probablllty in the limit b > ap. Identify the leading
term in this expansion that will give a non-vanishing transition amplitude between
the 25 and at least one of the 2p states in first-order time-dependent perturbation
theory.

}

(b) Using first-order time-dependent pertﬁrbation theory, calculate to leading order
in ag /b the probability that the atom winds up in a 2p state.

Some useful hydrogen atom wave-functions are:

Ty e
Papt1 = e g T/(%am)
Pt 8\/7‘(&.3

You may also find the following integral useful:
| = dz _5
_w.(l +$2)3/2 -
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3. {(a)

(b)

Consider the Hamiltonian for a general time-independent, one- dlmensmnai poten-
tial V{z),

ﬁz d2
| H= —%EE + V(a:) . |
Show that for an arbitrary, continuous function ¢(zx), the value of
_ (@lH)
(¢l¢)

gives an upper bound on the ground state energy for the potential V(z).

For a particle moving in a triangular potential well
—i—— T T

Viz) = o0 %fa:<0,
Voz/L ifx>0,

the energy levels take the form

hz g
E _Oln% (mL2%> ‘7

where oy, and ¢ are numerical constants. Determine the value of the exponent g. -
e

Using the approach in part (a}, find an estimate for the constant oy corresponding
to the ground state in the triangular potential well. (The estimate needs not be
optlmai but should be based on a reasonable variational calculatmn )

©2015 Department of Physics, Princeton University, Princeton, NJ 08544; USA -
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Section B. Statistical Mechanics and Thermodynamics

1. (The weather underground) Assume the Earth is flat with its surface af, z = 0.
The solid material below the surface has a temperature-independent thermal dlffuswlty
D. The weather above ground is a highly regular chmate with sinusoidal annu ( )

function of time £ is
T{t,z=0)= To + T, cos (wyt) 4 Ty cos (wat) .

Assume the temperature at infinite depth below ground (z — —o0) is 1.
(a) What is the temperature T(t, z) below ground at time ¢ and position z < 07.

(b) What is the position z closest to the surface where the annual temperature cycle
is opposite to that af the surface (so that below Princeton it is mstead “hottest”
in Jamary and “coldest” in July)?

(¢) By what factor is the annual temperature variation attenuated at the above depth?

©2015 Depa,i"tment' of Physics, Princeton University, Princeton, NJ 08544, USA
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2. {Atmospheric density)

your palm? We are mterested deer of magnitude, not the last factor of
two. Approximate the atmosphere as pure oxygen (of molecular mass 32 a.m.u.).

Suppose that the atmosphere was in equilibrium at constant temperature. Then, in
addition to the kinetic energy of the molecules in the air, one would have to take
account of the potential energy due to gravity. Under these assumptions:

(b) What is the probability distmbutmn for the height h of a mclecule above the sur-
face of the earth? - T

(¢) How much less oxygen would you find at 2 height of 1 km than yéu do at the
carth’s surface?

Some relevant, constants: R /= 8.3 —J—, Ny &2 6.02 x 10%mol .
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Té%"

3. {An ideal Bose gas)

Consider an ideal Bose gas of particles with zero spin and the dispersion relation

By =clk|.

(a) Show that at high temperatures the mean energy peljkpartic-le for this gas gatisfes
U/N=al "

with a constant @, and determine the value of that constant {in three dimensions).

Hint: a useful relation is [,° dwa¥ fe ™ = v [ dzzv e (for B,v > 0).

(b) The pressure QﬁﬁSHQ.ll".@mgé_s“}{\f}_’gllwlp\fﬂp@gjgjgles becomes independent of N below a
critical temperature , 1,. Explain why and calculate this temperature.

|

(c) Calculate the specific heat cy of the gas for T < Te.

—

(d) Does the transition occur if such a gas is confined to two spacial dimensions?

Sl
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