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Graduate Preliminary Examination, Friday, May 12, 2017 - Part 11 2

Section A. Quantum Mechanics

1. Atom in a Cavity

Consider a simple model of a cavity mode of the electromagnetic field interacting
with a two-state system representing an atom which can absorb or emit cavity mode
photons. The Hamiltonian for this system is taken to be the sum of a harmonic
oscillator representing the cavity mode, a term which splits the energy of the two-state
system, and an interaction term:

1
Hy = e.a’a + 5€a0 +v(acy +a'o_)

where a' is the usual harmonic oscillator creation operator, €, is the energy of a cavity
mode photon, ¢, is the energy difference between the ground (g) and excited (e) states
of the two-state system, and the o matrices act on the two-state system spanned by

{lg):1e)}-

(a) Show that this Hamiltonian can be block diagonalized in two-state subspaces
spanned by the states |g,n + 1), |e,n) (where n is the level of the harmonic oscilla-
tor, i.e. the number of cavity photons). Diagonalize this Hamiltonian to obtain an
expression for the splitting between the two energy eigenstates in each block. Show
that this splitting is smallest when the atom and the radiation are in resonance: €, = ..

For the rest of this problem let ¢, = ¢., so we are at resonance.

(b) Suppose that at time ¢t = 0 the system is in the state |e,n). Because this is not an
energy eigenstate, the state will evolve in time. Derive expressions for py(t) and p.(t)
(the probabilities of finding the atom in its ground and excited states respectively), as
a function of time. Show that these probabilities undergo oscillations with a definite
period.

(c) Suppose that at t = 0 the atom is in the excited state and the cavity is in a
superposition of cavity modes: Y p,|n > where p(n) = (1/y/27ng) exp((n —ng)?/2ny).
When ny is large, this is pretty close to a coherent state of excitation of the cavity,
which is as close as we get in quantum mechanics to a classical state of the field.
Derive formal expressions for p.(t) and p,(t). For ng large, with what period do these
probabilities initially oscillate? On roughly what time scale do these initial oscillations
first dephase?
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