8.2 M10Q.3

a) Without loss of generalization, let B = BZ. Then, the Hamiltonian is,

i L IR i, Bh, | .
H =S8, = B(aSi +55) = = > ol @0} — = (a0 @1+ fl® 0})
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where {07} are the Pauli matrices and I is the 2x2 identity matrix. In the basis |57, S5) =
|S7) ®153), i.e.

1 0 0 0
0 1 0 0
0 0 0 1
the Hamiltonian can be expressed as a 4x4 matrix given by,
v — Ma+ B) 0 0 0
I 0 —y = AMa = p) 27y 0
B 0 2y -7+ Ma = 5) 0
0 0 0 v+ Mo+ 8)

where v = Jh?/4 and A = Bh/2. From the Hamiltonian, it is clear that [11) and [|])
states are eigenstates with the energies v F A(a+ 3). Let H be the central 2x2 block of
H. Then the eigenvalues of H are,

(—y—w—&)(—y+w—8) -4y =0= €L = —y £ /472 + w2

where w = A(a — ). Therefore the energy eigenvalues for this system are,
Jh? 2B Jh? \/ B2
E=""1+2 — (12241 — B)2

b) From (a), we know that [1) and []{) are already eigenstates. Therefore, we only need
to find the eigenvectors of H, which follow

4 2
(=7 —w)er + 276, = (7 £ VA2 + W)y = 65 = 21 <1 £y I %) ot
Y w

As a consistency check, setting B = 0 = w = 0 results in ¢ = £¢ which are just the
mixed triplet state and the singlet state as expected. All in all, the eigenstates are,
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where w »
o= oo (1EVITRPR), Ne=(14c3) 7
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